Polyelectrolyte microcapsules loaded with fluorescent dyes have been proposed as biosensors to monitor local pH and ionic strength for diagnostic purposes. In the case of charged microcapsules, however, the local electric field can cause deviations of ion densities inside the cavities, potentially resulting in misdiagnosis of some diseases. Using nonlinear Poisson-Boltzmann theory, we systematically investigate these deviations induced by charged microcapsules. Our results show that the microcapsule charge density, as well as the capsule and salt concentrations, contribute to deviations of local ion concentrations and pH. Our findings are relevant for applications of polyelectrolyte microcapsules with encapsulated ion-sensitive dyes as biosensors.
Introduction
Polyelectrolyte (PE) microcapsules, polymeric particles whose hollow cavities can be loaded with dye molecules 1 , have attracted great attention in the past decade due to their potential biomedical applications 2 , such as therapeutic drug delivery 3, 4 and diagnostics [5] [6] [7] [8] . Among the various experimental methods developed to fabricate microcapsules, one of the most attractive is layer-by-layer (LBL) assembly, due to its precise control of the capsule size, thickness, shape, and functions 9 . The LBL technique uses diverse driving forces, such as electrostatic interactions 5 , van der Waals interactions 10 , hydrogen bonding 11, 12 , guest-host interactions 13 , covalent bonding 14, 15 , and base-pair interactions 16 , to deposit the multilayer films onto colloidal and nanoparticle templates, followed by the removal of sacrificial templates. When their cavities are loaded with therapeutic drugs, fluorescent dyes, or chemical reactants, such microcapsules can function as drug delivery vehicles 4, 17 , precise optical ratiometric biosensors [18] [19] [20] [21] [22] , or bioreactors 23, 24 . Recently, much interest has focused on applications of PE microcapsules loaded with ion-sensitive dyes as biosensors to monitor local ion concentrations, such as pH, in cellular environments 5, 21, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . For example, Kreft et al. 21 introduced PE microcapsules loaded with pH-sensitive SNARF-1 dye molecules to monitor the local pH within the alkaline cell medium and the acidic endosomal/lysosomal compartments. Recently, triple-labeled PE microcapsules loaded with two pH-sensitive dyes and one pH-insensitive dye, were also fabricated to measure the local pH in real time in living cells 29 . Del Mercato et al. 28 demonstrated that doublewall barcoded sensor capsules can be used for multiplexed a Department of Physics, North Dakota State University, Fargo, ND 58108-6050, USA. E-mail: alan.denton@ndsu.edu detection of protons and sodium and potassium ions in parallel. These capsule-based sensor systems offer advantages in practical applications. First, the dye molecules are encapsulated in small cavities at high local concentrations, leading to high resolution optical images. Second, the dye molecules can be encapsulated in biocompatible PE microcapsules 35 to circumvent the toxicity in cellular environments and detect the local ion concentration in real time. Third, sensing and labeling dyes can be separately loaded in the cavities and walls of the microcapsules, providing a promising procedure for multiplexed sensing 28 . These microcapsule-based chemical sensors have potential biomedical applications in the diagnosis of certain diseases [5] [6] [7] [8] .
In the LBL technique, microcapsules are often formed by exploiting electrostatic interactions to alternately adsorb PE layers onto oppositely charged templates. The PE shells, which become charged by dissociating counterions into aqueous solution, generate an electric field that influences the ion distributions (such as local pH) near the microcapsule shells. Previous work has shown that the ionic strength variations between bulk and charged surface regions may be significant [36] [37] [38] [39] . For example, Janata 36, 37 pointed out that bulksurface interactions should be considered for the pH shift in optical sensors. Bostrom et al. 38 showed that ion-specific dispersion potentials near biological flat membranes could induce ion and pH gradients. Zhang et al. 39 experimentally demonstrated that surface charges can contribute significantly to local ion concentrations and sensor read-out. This phenomenon influences, in turn, the measured concentrations of ions in microcapsule cavities. Understanding these deviations is of great significance in biomedical applications, for example, to avoid misdiagnosis of diseases, such as early-stage cancer [40] [41] [42] . Previous experiments 43, 44 and theoretical models 43, 45 have demonstrated that the pH inside microcapsules can differ from that outside. This difference was attributed mainly to semipermeability of the capsules, which impedes diffusion of one species of small ion across the capsule wall and generates Donnan equilibrium. To the best of our knowledge, however, there is still no theoretical work to quantitatively investigate the deviations in ion concentration induced by charged microcapsules.
The goal of this paper is to analyze the impact of the electric field of ionized PE shells on the performance of microcapsules as biosensors in aqueous solutions. By employing nonlinear Poisson-Boltzmann theory, we systematically calculate the deviation of ion density inside microcapsule cavities induced by charged shells. We find that the redistribution of ions inside the cavities of negatively charged capsules shifts the pH, as would be measured by encapsulated fluorescent dyes, towards lower (more acidic) values. The magnitude of the shift strongly depends on the charge density of the microcapsules, and on the capsule and salt concentrations. Our work differs from previous reports of pH deviations [43] [44] [45] in that, in our model, the capsule wall is permeable to all ion species, and the predicted deviations of ion concentration and pH are not related to semipermeability of the capsules. Our results demonstrate that electric charge can influence the ability of ionic microcapsules to function as biosensors, which should stimulate experiments and simulations.
The remainder of the paper is organized as follows. In the next section, we describe our model and theoretical methods. In Sec. 3, we present results for the influence of charge density, and of capsule and salt concentrations, on the variation of ion distributions between the cavity and bulk regions. We then discuss advantages and limitations of our methods and prospects for future studies. Finally, in Sec. 4, we summarize and emphasize implications for practical applications. 
Models and Methods
We consider a solution of microcapsules, consisting of spherical shells of cross-linked PE chains. In a polar solvent (here water), the shells acquire charge through dissociation of counterions from the polymer backbones. The shells are permeable to water and small ions and enclose cavities that are filled with an aqueous solution, whose ionic strength can differ from that of the bulk solution. In Donnan equilibrium, the microcapsules are confined to a fixed volume, while the microions (counterions, salt ions) and solvent can freely exchange with a salt reservoir, e.g., via a semi-permeable membrane [ Fig. 1(a) ]. We start from the primitive model 46 , which reduces the solvent to a dielectric continuum of dielectric constant ε, and further idealize the dense network of PE chains and water within a microcapsule shell as a uniform medium with dielectric constant ε shell , fixed charge Ze, and uniform charge number density, n f (r) = Z/V shell (a < r < b), confined to a volume V shell = (4π/3)(b 3 − a 3 ), between the inner radius a and outer radius b [ Fig. 1(b) ]. We assume that the water within the cavity (r < a) has a dielectric constant equal to that in bulk. In the PE shell, however, we assume ε shell < ε, since PE microgels are known to have dielectric constants lower than that of bulk water 47, 48 . Finally, we model the microions simply as point charges. Although neglecting charge discreteness and ion-specific effects due to hydration, this coarse-grained model is constructed to capture the essential physical features of real PE microcapsules.
The substantial asymmetry in size and charge between polyions and microions motivates the cell model 49 . For spherical polyions, such as microcapsules, the cell model represents a bulk solution by a spherical cell of radius R, centered on a single polyion. The cell contains a neutralizing number of counterions and coions in a volume determined by the polyion volume fraction η = (b/R) 3 [ Fig. 1(b) ]. For simplicity, we assume here monovalent microions, whose correlations with one another are sufficiently weak to justify a mean-field approach, in particular, a Poisson-Boltzmann theory.
The Poisson-Boltzmann (PB) theory of polyelectrolyte solutions combines the exact Poisson equation with the Boltzmann approximation for the ion density distribution 46, [49] [50] [51] . In the primitive model, in which the solvent has a uniform dielectric constant ε, the Poisson equation,
relates the electrostatic potential φ (r) at position r to the local charge density, ρ(r) = e[n + (r) − n − (r) − n f (r)], which includes the number densities of both mobile microions, n ± (r), and fixed ions on the PE chains, n f (r). Equation (1) can also be expressed as
by defining the reduced potential, ψ ≡ eφ /k B T , and the Bjerrum length, λ B ≡ e 2 /εk B T , as the distance at which two elementary charges e interact with the typical thermal energy k B T at absolute temperature T . In Donnan equilibrium, the Boltzmann approximation for the microion number density distributions is
where n 0 is the average number density of salt ion pairs in the reservoir. This mean-field approximation neglects short-range ion-ion correlations. 
where κ = √ 8πλ B n 0 is the screening constant in the salt reservoir. Implementation of the PB theory is facilitated by adopting the cell model, wherein solution of Eq. (4) is greatly eased by geometric symmetry and neglect of polyion-polyion correlations. In the spherical cell model, the PB equation simplifies to
where r is the radial distance from the center of the cell and χ = ε shell /ε < 1 is the ratio of the dielectric constant in the microcapsule shell to that in the bulk solvent.
The boundary conditions on Eq. (5) are clear. First, the electrostatic potential is continuous at the inner and outer boundaries of the microcapsule shell. Labelling the solutions in the three regions as ψ in (r) (0 < r < a), ψ shell (r) (a < r < b), and ψ out (r) (b < r < R), we have
Second, spherical symmetry requires that the electric field vanish at the center of the cell, while Gauss's law and electroneutrality require that the electric field vanish on the cell boundary:
Finally, continuity of the electric displacement on the inner and outer shell boundaries requires
We calculate the equilibrium microion distributions within the spherical cell by numerically solving the PB equation [Eq. (5)], along with the boundary conditions [Eqs. (6)- (8)], in the three radial regions (inside the cavity, in the shell, and outside the capsule), matching the solutions at the inner and outer shell boundaries using a two-dimensional root-finding algorithm 52 .
As an illustration of our method, Fig. 2(a) shows the cation number density in the vicinity of a negatively charged PE microcapsule of inner shell radius a = 50 nm, outer shell radius b = 75 nm, and valence Z = 500. The PE microcapsules are dispersed in room-temperature water (λ B = 0.72 nm), with reservoir salt concentration n 0 =0.1 mM, at a volume fraction η = 0.05 -corresponding to a cell radius R = η −1/3 b ≃ 4.07 a. At such dilution, the microcapsules are sufficiently separated that the ion distributions within different cavities are essentially independent. The dielectric constant ratio is set as χ = 0.5, which is consistent with hydrated PNIPAM microgels, whose dielectric constant ranges from 63 at 15
• C to 17
at 40 • C 47, 48 . Figure 2 (a) demonstrates that the ion density inside the capsule exceeds the bulk value (at the cell boundary), confirming that the charged shell indeed redistributes the ion density near the microcapsule. Note the discontinuous slopes in Fig. 2 at the shell boundaries (r = a, b), which simply reflect the jump in dielectric constant between the shell and water.
Many recent experiments have focused on measurements of local pH using fluorescent dyes encapsulated in PE microcapsules. Within our theoretical framework, the local pH inside the PB cell is normally determined via pH(r) = − log([H + ](r)), where [H + ](r) denotes the hydronium ion concentration (in M) at radial distance r from the cell center. The local deviation of pH from its bulk value is then obtained via ∆pH(r) = − log([H + ](r)/[H + ] bulk ), where [H + ] bulk is the bulk hydronium concentration. In an alkaline environment, the pH can be defined, alternatively, from the concentration of hydroxide (OH − ) ions, giving rise to the deviation
. Because the mean-field PB theory ignores ion-specific effects, it cannot distinguish hydronium ions from other monovalent cations, such as Na + or K + . Nevertheless, in the presence of an inhomogeneous electric field generated here by a charged microcapsule shell, the local deviation of hydronium concentration from its bulk value should be proportional to the local deviation of the concentration of all monovalent cations. Thus, we approximate the local deviation of pH from its bulk value by
where n + (R) and n − (R) are the cell model approximations for the bulk cation and anion densities, respectively. In the Boltzmann approximation [Eq. (3)], pH deviation is proportional to the electrostatic potential deviation:
illustrating the direct connection between pH deviation and the electrostatic influence of the microcapsule, and providing a practical formula for calculations. Figure 2(b) shows the deviation of local pH based on the cation distribution in Fig. 2(a) . For the chosen parameters, the local pH inside the negatively charged shell is lower than the bulk value within a range from 0.3 to 0.5. Also of experimental relevance is the average pH deviation, defined as an average over the volume of the cavity:
In the next section, we explore the dependence of ion distributions and pH deviation on the valence, size, and concentration of negatively charged microcapsules. 
Influence of Charge Density on pH Deviations inside Microcapsule Cavities
In this section, we systematically investigate the influence of a negatively charged microcapsule on ion density distributions within the PB cell model. In experiments, the microcapsule valence can be tuned by varying the shell composition, as well as bulk solution conditions (pH and salt concentration), and even temperature. Figure 3 shows the dependence of the ion distributions on the microcapsule valence, demonstrating that the cation density is higher than the bulk value throughout the cell, reaches a maximum within the shell, and increases with valence, from Z = 100 to Z = 500. Furthermore, with increasing microcapsule valence, the maximum increases, while the bulk cation density remains nearly constant, implying that the deviations of cation density induced by the charged shell are strongly determined by the capsule valence. Conversely, the anion density is lower than the bulk value, reaches a minimum within the shell, and decreases steadily with increasing valence. These deviations result from the attraction of cations (repulsion of anions) by the negatively charged shell.
In an acidic environment, the cation distribution induced by the charged capsule correlates with the deviation of pH from its bulk value, according to Eq. (9) . As an example, Fig. 4 shows the distributions of local and average pH deviations over a range of microcapsule valences. With increasing valence, the pH inside the microcapsules falls increasingly below the bulk pH value, while the average pH deviation inside the capsule cavities increases in magnitude. At the highest valence considered here, the pH deviation from its bulk value in the cavity can approach −0.5. A shift of this magnitude may be significant for proposed applications of PE microcapsules as pH sensors 21 , where encapsulated dye molecules fluoresce at frequencies that depend on the local pH. In an alkaline environment, essentially the same pH deviation is obtained from Eq. (9) when calculated using the anion density distribution. It is important to remember, however, that the valence of a PE microcapsule in solution may itself depend self-consistently on the local pH, since local pH can affect dissociation-association equilibrium and thus the degree of ionization of the PE chains making up the shell. Next, we investigate the influence of microcapsule size on induced pH deviations. Although many recent experiments involve capsules that are a few microns in size 21, 28, 29 , here we consider considerably smaller capsules, tens of nanometers in radius, which is the current limit of our numerical methods. As shown in Fig. 5(a) , for fixed valence, as the cavity inner radius increases, the local and average pH deviations decrease in magnitude. This trend is to be expected, since for the same charge, the electric field inside of a larger capsule is weaker, resulting in less redistribution of ions. However, if the capsule size and valence vary together, at fixed valence density, the pH deviation is relatively insensitive to the capsule size (see Fig. 2 for other parameters.) Fig. 5(b) ). It is worth noting that the pH deviations exhibited in Fig. 4 also reflect the dependence on charge density (with fixed capsule size). In experiments, charge densities are determined by both the density of the PE network and the degree of PE dissociation in solution. Extrapolation to larger capsules suggests that pH deviations inside the cavities of strongly dissociated PE capsules of the size studied in recent experiments 21,28,29 may be significant. From the above considerations, we conclude that charge density of PE shells is a major determiner of deviations of ion density and pH induced by charged microcapsules. Next, we show that even when the charge density remains constant, other factors can still influence ion concentrations inside of charged microcapsules.
Influence of Microcapsule and Salt Concentrations on pH Deviations
Among other factors that can affect ion density and pH deviations in microcapsule cavities, the first that we consider is the microcapsule volume fraction η, whose influence is illustrated in Fig. 6 . For fixed shell charge density (Z = 500, a = 50 nm), Fig. 6(a) shows that the cation density inside the cavity remains essentially unchanged with increasing η (i.e., decreasing cell radius R), while outside the microcapsule, the bulk cation concentration n + (R) steadily increases. Correspondingly, the pH deviation inside the cavity decreases with increasing η [Figs. 6(b) and 6(c)]. It follows that an inhomogeneous distribution of PE microcapsules can yield a spatial variation of pH deviation and that, in concentrated solutions, pH values measured from fluorescence of encapsulated dye molecules should be adjusted for concentration dependence. Another factor that can affect deviations of ion densities in capsule cavities from their bulk values is the reservoir salt concentration n 0 . As illustrated in Fig. 7 , for fixed capsule charge density (Z = 500, a = 50 nm), the deviation of cation density (and, therefore, pH) diminishes with increasing salt concentration. In the extreme case of a solution that contains predominantly H + cations, the reservoir salt concentration n 0 is directly related to the reservoir pH value via pH= − log n 0 . For such a deionized system, Fig. 7(b) shows that the average pH deviation inside the cavity induced by the charged shell is then strongly dependent on the bulk pH. This dependence indicates that the local pH measured by capsule-based sensors in low-pH acidic environments can deviate less than in acidic environments with higher pH. Therefore, in practical applications, the calibration of measured local pH to the actual values in cellular environments should also take into account the gradient of the pH deviation induced by the absolute local pH.
It should be mentioned that ion concentrations may depend also on temperature. This dependence is somewhat complicated, however, by the sensitivity of counterion dissociation and Donnan equilibrium to thermal fluctuations. Therefore, in this work, we simply assume fixed (room) temperature.
Discussion
We have demonstrated here that negatively charged PE microcapsules redistribute ion concentrations, resulting in accumulations of H + ions in their cavities and corresponding shifts of local pH to values lower than in bulk. The magnitude of the pH shift depends strongly on the microcapsule charge density, as well as on the capsule and salt ion concentrations. These results confirm that the ion concentrations measured by dye molecules encapsulated in charged PE microcapsule cavities can deviate from their bulk values, potentially leading to misdiagnosis of diseases [40] [41] [42] . In this section, we discuss some limitations of Poisson-Boltzmann theory and several open questions for further investigation.
First, the PB theory implemented here cannot distinguish distinct monovalent ions. In this paper, we assume that density deviations induced by charged PE microcapsules are the same for all monovalent cations and choose H + as an example to illustrate the deviation of pH in the cavities of charged microcapsules. Our results can be easily extended to the detection of other monovalent ions, such as Na + and K + . Previous studies have shown, however, that ionic strength can influence the local pH obtained from optical pH sensors 36, 37, 53 . Thus, it is still not clear how specific interactions between different monovalent cations may influence deviations of ion concentrations and pH induced by charged microcapsules. Experiments and further modeling are required to address this issue.
A second issue deserving further discussion is the magnitude of the local pH deviation induced by negatively charged microcapsules. For the parameters considered in this paper, the pH shift is typically within the range 0.1 to 0.6. Although higher shell charge densities can induce shifts exceeding 1.0, the energy barrier across the shell in this case is larger than 2 k B T , which kinetically impedes ions from penetrating the capsule by thermal diffusion. The typical deviation magnitude of 0.5 observed in this paper is within the error bar of some recent experiments 29 , implying that the measured pH deviations might be negligible. It is important to note, however, that the next generation of capsule-based biosensors will rely on higher spatial resolution of ion densities for practical applications, such as the diagnosis of cancer 40 , and that the magnitude of pH deviations predicted by our modeling may become correspondingly significant.
The third issue on which we wish to elaborate is the microcapsule size. In this report, the outer shell radius is within the range 45-105 nm (see Fig. 5 ), due to limitations of our numerical methods. In most recent experiments, however, the microcapsules are a few microns in size 21, 28, 29 . As we have demonstrated (Fig. 5) , the deviation of ion density induced by a charged microcapsule remains nearly constant upon varying the capsule size at fixed charge density. In aqueous solutions, the charge of a microcapsule is determined mainly by the degree of PE dissociation. Most recent experiments, however, synthesized PE microcapsules via the LBL technique, alternately adsorbing PEs onto oppositely charged templates. For such complex architectures, it is still unknown how sensitive the degree of dissociation and charge density may be to varying microcapsule size. Further experiments and simulations are required to quantitatively relate the charge density and size of LBL-generated PE microcapsules.
Fourth, the PB theory is applicable only under conditions for which the microions are sufficient in number to be modeled as continuous fields. Moreover, the mean-field approximation, which neglects ion correlations, limits applications of the Poisson-Boltzmann theory to solutions containing only monovalent microions, such as H + , Na + , and K + . For multivalent ions such as Ca 2+ 54 , Mg 2+ 55 , Zn 2+ 56 , and Fe 3+ 57 , the deviations induced by charged PE microcapsules may be more complex, due to interionic correlations. Further simulations and more sophisticated theories that account for ion discreteness and correlations among multivalent ions are required to address these issues.
Finally, we emphasize the great practical importance of microcapsule-based biosensors, which provide powerful tools 1-9 | 7 for detection of ions in small volumes and diagnosis of cancer and other diseases [40] [41] [42] . In aqueous solutions, charged microcapsules are known to redistribute neighboring ions, inducing deviations of ion densities and local pH. The results of our theoretical modeling verify the significance of these deviations, which will become increasingly significant with advances in spatial resolution of next-generation biosensors, and can guide and facilitate further explorations.
Conclusions
In summary, by implementing the nonlinear PoissonBoltzmann theory in a cell model, we have theoretically demonstrated that charged polyelectrolyte microcapsules can induce deviations of ion concentrations inside their cavities. Our results show that the capsule charge density and the capsule and salt concentrations contribute to deviations of ion densities, such as pH, from their bulk values. Our findings are especially relevant for the design of microcapsules that encapsulate fluorescent dyes to serve as ionic biosensors for diagnostic purposes. The theoretical framework developed here can be easily extended to further investigate ionic strength deviations induced by charged semipermeable microcapsules.
